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The propagation of a premixed laminar flame supported by an exothermic chemical reac-
tion under adiabatic conditions but subject to inhibition through a parallel endothermic chem-
ical process is considered. The temperature dependence of the reaction rates is assumed to
have a generalised Arrhenius type form with an ignition temperature, below which there is
no reaction. The heat |oss through the endothermic reaction, represented by the dimensionless
parameter «, has a strong quenching effect on wave initiation and propagation. The tempera-
ture profile can have afront or a pulse structure depending on the relative value of the ignition
temperatures and on the value of the parameters o and 8, the latter represents therate at which
inhibitor is consumed relative to the consumption of fuel. The wave speed-cooling parame-
ter («) curves are determined for various values of the other parameters. These curves can
have three different shapes. monotone decreasing, >-shaped or S-shaped, with the possibil-
ity of having one, two or three different flame velocities for the same value of the cooling
parameter «.

KEY WORDS: laminar flame, step function, travelling wave
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1. Introduction

In this paper we consider the propagation of a flame supported by an exothermic
chemical reaction under adiabatic conditions but subject to inhibition through a paral-
lel endothermic chemical process. In particular, we will be concerned with determining
the marginal conditions for the establishment of constant-velocity constant-form flame
structures and the dependence of the flame speed in such cases on the reaction parame-
ters. Such information is of interest as we seek to develop aternatives to halon-based
fire extinguishants since the adoption of the Montreal protocol.

Our model involves two chemical steps:

A — P+ heat, rate=ki(T)a,
W — Q0 — heat, rate= ky(T)w.
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The first step has a positive exothermicity (negative reaction enthalpy) Q1 > 0, the
second step has a negative exothermicity, O, < 0. The temperature dependence of the
steps is assumed to have the form

ki(T) = kioki(T), =12,

where
ki(T)=0 ifT < Ty ki (T)>0 ifT > T,. (@D}

T; (i = 1,2) aretheignition temperatures, below which there is no reaction. We note
that for T < T; condition (1) is not satisfied by the Arrhenius temperature dependence
but for small ignition temperatures it is a very good approximation. Moreover, it has the
advantage that the cold boundary difficulty does not occur in this case. The solution of
our problem tends to the one without an ignition temperatureas 7; — O[1]. For T > T;
we take two main examples for «; (T'). It can be the usual Arrhenius function

Ki(T) = e B/RT (T > Ty,
where E; (i = 1, 2) arethe activation energies, or it can take the simpler form
ki(T)=1 (T >T).

In the second case «; are step functions. The motivation for studying this special caseis
twofold. First, the differential equations governing our model can be solved analytically
and the joining conditions give rise to nonlinear algebraic equations, which are relatively
easy to solve numerically. Hence we obtain the “exact” solution of the problem in this
case. Therefore, this case can serve as atest problem for the numerical investigation.
Second, the step function can be considered as a simplified version of Arrhenius law,
namely, below the ignition temperature there is no reaction, whereas above that tem-
perature the reaction rate does not depend on temperature. Therefore some qualitative
features of the model can be revealed viathis specia case.

Previouswork on flame quenching [2—7] has concerned heat removal through phys-
ical processes such as conduction or radiation. Inthe present case, the“heat loss’ process
iscontrolled by the concentration of the endothermic species W, which is consumed dur-
ing the process at arate which depends on the temperature.

The effect of the addition of sprays or particles (both reactive or inert) on premixed
flame propagation had been investigated experimentally and theoretically [8-10]. These
studies have shown that the propagation speed of a premixed flame is decreased by the
addition of dust (or spray) through negative thermal (and sometimes chemical) feedback.
The main parameters on which the flame speed depended were found to be the virtual
heat capacity of the particles and the particle size. The speed wasfound to decrease either
monotonically or to have an S-shaped form (depending on the value of the particle-size
parameter).
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The modification of our system (with a second-order reaction) was investigated
numerically and with high activation energy asymptotics [11,12]. From this previous
work, we expect theimportant parameters to be represented by the dimensionless groups:

_ (=02)kaoWo _ kaopw
Q1k10Ao kiopa
where Ag, Wy are the initial concentrations of A and W, and w4, uw are the molar
Masses.

The aim of this work is to determine the dependence of the dimensionless flame
velocity ¢ on those parameters, find critical values of o (dependent on other parameters)
at which flame extinction occurs and to determine the temperature and concentration
profiles.

In the general case (section 2), when the functions «; are assumed to satisfy only
the assumptions in (1), we can determine some qualitative properties of the solutions. It
turns out that we can have two different types of front waves or pulse waves in temper-
ature. We give conditions in terms of «, 8 and 7; for the existence of these solutions.
In the case when «; and «, are step functions (sections 3 and 4) we explicitly determine
the dependence of ¢ on « for any value of 8 and T;, and thus determine the extinction
value of o belonging to the turning point of the («, ¢) diagram. We found a new feature
of this diagram, namely in the case T; > T> it can have two turning points, that is we
can have three solutions (with three different flame velocities) for the same values of
the parameters. We note that al calculations are made for arbitrary values of the Lewis
numbers, but for simplicity the results are presented inthe casewhen L, = Ly = 1.

2.  Mode and general results
2.1. Mode

The nondimensional equations governing our model, written in a reference frame
moving with the flame front, are [7,13-15]:

b"(y) —cb'(y) +a(y) f1(b(y)) — aw(y) f2(b(y)) =0, 2
L—lAa”(y) —cd'(y) —a(y) f1(b(y)) =0, (€)
%w”(y) —cw'(y) — Bw(y) f2(b(»)) =0, (4)
on —oo < y < oo with boundary conditions
b(y) >0, a(y)—>1 w(l) —>1 asy — —oo, 5)
b'(y) >0, a(y)—0 w( —>0 ay—>+oo (6)

and with the assumption that
b(y) >0, a(y)>0, w(y) >0 ¢=>0, —00 < y < 00. (7)
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This assumption excludes the trivial solution b = 0, a = 1, w = 1. Here the nondi-
mensiona variables a, b, w represent the fuel concentration, temperature and the con-
centration of the inhibitor. The Lewis numbers L, and Ly and the parameters «, 8
are nonnegative. The scaled ignition temperatures are by, b, € [0, 1). Therefore the
functions f, and f, are assumed to satisfy the following conditions:

fib) =0, if0<b<b; fi(b) >0, ifb> b; ()]
fo(b) =0, ifO<b < by; fa(b) > 0, ifb > by. 9)

Itisalso assumed that f1, f> are bounded functions that are differentiable except at most
at the point b, respectively b, where they have right limit

p1=lim fi(b), @2 = b”m+ f2(b). (10)

b—b, — b

As it was mentioned above, we have two examples in mind, Arrhenius dependence for
temperatures above the ignition temperature and a step function that jumps from zero
to 1 at the ignition temperature.

In the next section we assume that a, b, w, ¢ satisfy (2)—«(7) and we derive some
qualitative properties of the solution. In the following three subsections we determine
the structure of the temperature profile. Throughout this section it is assumed only that
f1and f; satisfy (8)—9), their concrete forms are not specified.

2.2. Qualitative properties of the solutions

Proposition 1. The functions a and w are nonincreasing.

Proof. Multiplying equation (3) with L ,e~14< and integrating over (y, co) we get
a' (et = — /OO efL*‘csa(s)fl(b(s)) ds

yielding a’(y) < Ofor all y. Similarly from equation (4) we obtain w’(y) < 0. O

Proposition 2. Thelimits

so=lime bo=tmh vl
exist and
o o
a++b+—BW+=1—B. (11)

Moreover, if ¢; > 0 and there exists y*, such that b(y) > b, foral y > y*, thena, = 0.
If o > 0and there exists y*, such that b(y) > b, fordl y > y*, thenw, = 0.

Proof. The existence of a, and w, follows from the monotonicity of the functions a
and w and condition (6). To prove the existence of b, and derive (11) we can combine
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equations (2)—4) to eliminate the reaction terms, integrate once and apply boundary
conditions (5)—6), for the details see [12].
If b(y) > b, fordl y > y*, then

y'Lngo fi(b(») >0

since the value of thelimitis f1(by) > 0if b, > b, anditis¢e; > 0if b, = b,. Hence
from equation (3) a, = 0. Similarly, from equation (4) we get w, = 0. g

Proposition 3. Thereexist y; and y,, such that b(y1) > by and b(y2) > by.

Proof. First we show the existence of y;. Let us assume the contrary b(y) < b for
al y. Then f1(b(y)) = 0, hence multiplying equation (2) with e~ and integrating over
(v, 00) we get

(e =—a / h e “w(s) f2(b(s)) ds

yielding b'(y) < O for al y. Boundary conditions (5) then imply that b is the trivial
solution b = 0 contradicting (7).

To prove the existence of y,, assume the contrary b(y) < by for al y. Then
f2(b(y)) = 0, and following the argument given above, we obtain '(y) > Ofor al y
and b’'(y) > 0if b(y) > b;. Hence b can attain the value b, at most once and the limit

fip = y“j}o fi(b()

exists. From equation (2) we get

at fiy =0. 12)
Adding the equations (2) and (3) and integrating over (—oo, co) we abtain
ap + b+ = 1 (13)

Equation (12) givestwo possihilities. First, a; = 0, then from (13) b, = 1 contradicting
tob(y) < by < 1. Second, f1. = 0implying b(y) < b, that yields b = 0 again, which
contradicts (7). a

Proposition 4. If b(y*) = by, then b(y) > by, foral y > y*.
Proof. Let us assume the contrary, i.e., that there exists y; > y*, such that b(y1) < by.
Then there exists y, € (y*, y1), such that

b(y2) < b, b'(y2) <O. (14)
We show that

b(y) < by foraly > y,. (15)
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Namely, let us assume that there exists y3 > y,, such that
b(y3) =by and b(y) <by foraly e (y2,y3). (16)

Then multiplying equation (2) with e~<¥ and integrating on (y,, y) we get
y
MW€”=HWQ€W—/Q€WMNNM@NS<Ofmmyéb@ml (17)
y2
Thusb isdecreasing on (y,, y3) implyingthat b(y3) < by, which contradicts (16). Hence
we have (15) and, consequently, (17) for al y € (y,, 00). Going to the limit y — oo in
(17) we obtain &' (y,) > 0 contradicting (14) and completing the proof. O

Corollary 1. If b(y*) = by, thenb’(y*) > 0.

Proposition 5. If b(y*) = b, and b’ (y*) > 0, then b(y) < b, and b'(y) > O for dl
y <y

Proof. The inequaity b(y) < b, follows directly from proposition 4. Hence
Sf2(b(y)) = Ofor dl y < y*. Then multiplying equation (2) with e again and in-
tegrating on (y, y*) we get

y
b(y)e @ = b’(y*)e*cy* +/ e “a(s) f1(b(s))ds >0 foraly < y*.

y

Thuswe have b'(y) > Oforal y < y*. a

Proposition 6. If b, < by, then b attains the value b, once, and there is no open interval
where b(y) = b.

Proof. According to proposition 3 the function 4 attains the values b, and by, at least
once. We can assume that b attains b, first at zero, because the differential equations are
trandationally invariant. Then by proposition 5 the function b isincreasing for y < O,
hence it attains the value b, exactly oncein (—oo, 0). According to proposition 4 b(y) >
by > b, for y > 0, therefore b cannot attain b, in (0, oo). It remains to prove that b(y)
cannot be the constant 5, in any open (nonempty) interval in (0, oo). Thisresult follows
from

a(y) >0 fordl —oc0o<y<o0 (18)

(see equation (2)). We now prove the inequality. Since a is nonincreasing and a > 0,
therefore only the case a(y) = 0in (y1, o) hasto be excluded. Asit was shown above
b attains the value b, exactly once in (—oo, 0). Let us denote that point by /. It can be
easily seenthat a(y) = 1 — Ke£4Y in (—oo, I] with some constant K. Hence a(y) > 0
inthat interval. Intheinterval (I, oo) b(y) > b, therefore the function y — f1(b(y)) is
smooth. Hence the solution of the initial value problem corresponding to the differential
equation (3) is unique. Therefore a cannot be everywhere zero in any open subinterval,
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because otherwise it would be zero in (I, co), which contradicts a(/) > 0. Thus (18) is
proved and the proof is complete. O

The results formulated in the above propositions enable us to determine the qual-
itative structure of the temperature profiles. These depend strongly on the value of b,
relative to b, therefore we shall consider the cases b, < by, by = by, and by > by,
separately. We can assume, since the differential equations (2)—4) are trandationaly
invariant and according to proposition 5 the function 4 isincreasing before it reaches the
value b, that in al cases

b(0) = min{b,, by} and b(y) < min{b, by} fory <O. (19

The structure of the temperature profiles depend strongly also on the continuity
of f;. If f; are continuous, i.e., ¢; = 0 (see (10)), then uniqueness of the solution of
the initial value problem corresponding to the differential equation (2) implies that the
function b cannot be the constant b, in any open interval in the case b, > b, aswell (it
istrue in the case b, < b, generally according to proposition 6). The structure of the
temperature profiles can be more complex in the case ¢; > 0, i.e., when f; and f> have
ajump at b and at by, respectively. (In that case uniqueness of the initial value problem
isnot guaranteed.) Since the main object of the paper isthe step function case, when the
characterisation of the temperature profilesis different in the two cases, we shall assume

(H1) ¢; > Ofori =1, 2.

We cannot exclude the possibility of oscillatory solutions, athough we have been
unable to find such solutions. To exclude this possibility we make the following assump-
tions where appropriate.

(H2) Thefunction b attains the value b, at most twice.
(H3) If b(y*) = b and b/(y*) = 0, then b(y) = by for al y > y*

2.3. The structure of the temperature profile in the case b, < b
In this case (19) reads as

b)) =b and b(y) <b fory <O.

The structure of the temperature profile in (0, oo) is described in the next proposi-
tion.

Proposition 7. Assumethat (H3) and b, < b;; hold. Then there exists ! > 0, such that
b(l) = b and

by <b(y) <b,, forO0O<y<l by <b(y) forl <y < oo.
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Proof. Let! bethefirst point where b attains the value b),. The existence of such an /
follows from proposition 3. We have to prove the second inequality. Assume that there
exists y* > [, such that b(y*) = by;. Then corollary 1 implies that »'(y*) = 0, hence
from (H3) b(y) = by, for al y > y*, which contradicts to proposition 6.

Typica temperature profiles for this case are shown in figure 2. O

2.4. The structure of the temperature profile in the case b = b
In this case proposition 4 implies that
by > b. (20)
According to the value of b, we can have two different temperature profiles:
o front profiles, if b, > by;
e pulseprofiles, if by = b,.
In this case (19) reads as
b(0)=b and b(y) <b fory<DO. (21)

The structure of the temperature profile in (0, co) is described in the next proposition.

Proposition 8. Assume that (H3) and b, = b, hold. Then exactly one of the following
two possibilities holds.

1 b <b(yfordl0<y < .
2. Thereexists! > 0, such that 5(/) = b, and

b <b(y), forO<y<l; b(y)=b, forl<y<oo.

We shall refer to these astype 1 and type 2 temperature profiles.

Proof. According to proposition 3 we have b(y) > b, for smal y > 0. If thereisno
point/ > Owhereb(l) = b, then case 1 holds. If thereexists! > Owhereb(l) = by, then
let us assume that thisis the first positive value where b attains b,. Then by corollary 1
b' () =0(since b, = b)) and by (H3) b(y) = b, for y > L. O

Itisobviousthat the front profiles belong to type 1 and the pul se profiles can belong
either to type 1 or to type 2. However, the two classifications of the temperature profiles
differ only in the marginal cases between the two classes. The border between type 1 and
type 2 profiles (I = oo) belongs to type 1. The border between front and pulse profiles
(by = by and b(y) > b, for y > 0) belongs to the pulses. We note that in the case
¢; = 0 we can have only type 1 profiles and the profiles are classified only according to
the value of b, asfronts and pulses.

For some regions of the parameter plane («, 8) we can determine the type of the
temperature profiles in this general case. A more detailed description will be given in
the step function case.
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Proposition 9. Assumethat b, = b;, holds.
1. If bisatype 1 temperature profileand ¢; > 0(i = 1, 2), thena < B(1 — b)).
2. If bisatype 2 temperature profile, f1 = foband 8 > 1, thena > B(1 — b)).

Proof. 1. From proposition 2weget a, = 0 = w... Hence (11) reads as
o

b, =1- 5 (22)

and the desired inequality follows from (20) and (22).
2. Now b, = by and we will show that

ay < awy. (23)

Once thisis shown we have from (11) that
A-b)p—a<aw (B—-1 <0

Hence, we only have to prove (23). Since b is atype 2 profile, b(y) = b, in [, 00).
Multiplying equation (2) by e~ and integrating on (y, I) for some y € (0, [) we get

l
b(y)e = / e “(a(s) —aw(s)) fi(b(s)) ds. (24)
y

It can be shown that a — aw cannot have infinitely many zeros in [0, /], hence
a(s) — aw(s) does not change sign in an interval [I1, 1] for somel; € (0,1). There-
fore b’ does not change sign in that interval. Since b(y) > b, in (0,1), b'(y) < 0in
(11, 1), and from (24) we have a(s) — aw(s) < Ofor s € (I1,1). Then going to the limit
s — [ weobtain (23). 0

Remark 1. In the case of step functions b, = by, implies f; = f> and we will show
that for 8 > 1 there are no type 2 temperature profiles. Hence, in this casg, the line
a = B(1 — b)) separates the regions of front and pulse solutions.

Typical temperature profiles for this case are shown in figure 4.
2.5. The structure of the temperature profile in the case b, > b
In this case proposition 4 implies
by = by. (29)

According to the value of b, we can have three different temperature profiles:

o front 1 profiles, if b, > by;
e front 2 profiles, if b, < by < by;
e pulseprofiles, if by = by,.
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In this case (19) reads as
b0) =b, and b(y) < by for y < 0. (26)

The structure of the temperature profile in (0, oo) is described in the next proposi-
tion.

Proposition 10. Assume that (H1)«(H3) and 5, > b;, hold. Then exactly one of the
following three possibilities holds.

1. Thereexists! > 0, such that b(!) = b, and

by <b(y) <b, forO0O<y<I; b < b(y), forl <y < oo.
2. Thereexist L > [ > 0, such that () = b, = b(L) and

by <b(y) <b, forO0O<y<I; b <b(y), forl<y<L;
by <b(y) <b, forL <y < oo.

3. Thereexist A > L > [ > 0, suchthat b(l) = by = b(L), b(A) = b, and

by <b(y) <b, forO<y<lI; b <b(y), forli<y<lL;
by <b(y) <b, forL <y <A, b(y)=by, forA<y<oo.

We shall refer to these astype 1, type 2 and type 3 temperature profiles.

Proof. Let! be the first point where b attains the value b,. The existence of such an /
follows from proposition 3. If thereisno point L > [ where b(L) = b, then 1 holds.
If such an L exists, then by (H2) we have b(y) < b, foradl y > L. If b(y) > b for dl
y > L, then 2 holds. If there exists A > L where b(A) = by, then from corollary 1
b'(A) = 0, hence (H3) impliesb(y) = b; in[A, 00), i.e., 3 holds. O

Typical temperature profiles for this case are shown in figures 7-9. It is obvious
that front 1 profiles belong to type 1, front 2 profiles can belong either to type 1 or to
type 2, and the pulse profiles can belong either to type 2 or to type 3. However, the two
classifications of the temperature profiles differ again only in the marginal cases between
the two classes, asin the case b, = b;;. We note that when ¢; = 0 we can only have type
1 and type 2 profiles and the profiles are classified only according to the value of b, as
front 1, front 2 profiles and pulses.

For some regions of the («, 8) parameter plane we can determine the type of the
temperature profiles in this general case. A more detailed description will be given in
the step function case.

Proposition 11. Assumethat b, > by,.
1. If bisatype 1 temperature profileand ¢; > 0(i = 1, 2), thena < B(1 — b)).
2. If bisatype 2 temperature profile and ¢, > 0, then o < B(1 — by)).
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Proof. 1. From proposition 2weget a, = 0 = w... Hence (11) reads as
o

For atype 1 profile b, > b, therefore the desired inequality follows from (27).
2. From proposition 2 we get w, = 0. Hence (11) reads as

a+b,=1-2 (29)
B
and the inequality follows from a,. > 0, (25) and (28). a

3.  Method for solving the differential equationsin the step function case

In this section we present a method to solve problem (2)—(7) when f; and f, are
the step functions

1 if b > b|,
0 otherwise,

1 ifb>b||,

0 otherwise. (29)

f1(D) = { fa(b) = {
In this case the system of differential equations is piecewise linear, i.e., therea line R
can be divided into segments, in which the differential equations are linear with constant
coefficients, hence the solutions can be given explicitly. The joining conditions at the
endpoints of the segments give a system of nonlinear algebraic equations that has to
be solved to obtain the solution. Here we consider the solutions that satisfy hypotheses
(H1)~(H3), but the algorithm presented below works also in the more general case, when
instead of (H2) it is assumed only that the number of points where b attains the value b
isfinite.

We denote the points where b attains the value b, or b, withly <l < --- < I,,1.
If b = by in[y*, o0), thenletl,, ; = y* and the points y > y* do not appear in the set
{l, ..., L1} Let

by =b(ly) fork=1,2....,n+1. (30)

Hence the value of by is by or b;. As mentioned above, we can assume /; = 0, because
of the trandationa invariance of the problem. For convenience we will use the notation
lp = —oc0andl,,» = co. Thepointsiy, ..., 1,1 dividethered lineinto n + 2 segments,
in each of which the differential equations are linear. Let

e = f1(b(), & = fo(b(y)) forye (p,lirn), k=0,1,....n+1, (31

that is e, and 8, canbe O or 1.

In sections 2.3-2.5 we have determined the qualitative structure of the tempera-
ture profile in the general case. Now we shall use this characterisation in the case of
step functions. We have established that the solutions belong to one of the six types
summarised in table 1. (Assuming that b satisfies (H1)—«(H3).) The table also shows the
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Table 1l
The six possible types of the temperature profiles. The number of segments determined by the points
I1,..., I,4+1 and thevalues of by, i, 8 fork =1,2, ..., n + 1 are shown.

Type Number of Value of by Value of g Value of gy,
segments
(n+2)
b < by front 3 b1 = by, bp = by e1=1¢er= §51=0,8=1
by = by front 2 b1 = b = by e1=1 51=1
b| = b)) pulse 3 b1 =by =by =b> e1=162=0 81=1,8=0
by > by front 1 3 b1 = by, bo = by e1=0,e0 = 51=2148=1
by > by front 2 4 b1 = by, b2 = by e1=0,e0=1 §51=2148=1
bz = b e3=0 s3=1
b > b)) pulse 5 b1 = by, bo = by e1=0,e0=1 51=2148=1
bz = by, by = b e3=0,64=0 83=1,84=0
number of segments determined by the points!y, ..., 1,1 and the values of by, ¢, 8; for

k=12,...,n+1
We now follow the agorithm described below to determine the profiles and the
flame velocity in each case.

Sepl

We choose the type of the solution we wish to determine. We note that the type of
solution depends also on the parameters « and 8, hence it can happen that the chosen
type of solution does not exist for the given values of « and 8.

Once the type is chosen, the value of n is given together with b, &, and §; (for
k=1,...,n+1)according totable 1. Weconsider ¢, I», ..., I,.1 tobegiven (I; = 0is
assumed) and express the solution in terms of them. In the final step we derive a system
of n + 1 algebraic equations that determine the value of the various unknowns.

Sep 2

We solve the differential equations in each segment (I, [,1) for k = 0,1, ...,
n + 1. Intheinterval (i, I;11) system (2)—(4) takes the form

b"(y) — cb'(y) + era(y) — Sraw(y) =0, (32
1

L—a”(y) —cd'(y) — &a(y) =0, (33)
A
1

L—w”(y) —cw'(y) = &pw(y) =0. (34)
w

First we solve egquations (33) and (34), since these are independent homogeneous linear
differential equations, and then we use their solution to solve the inhomogeneous linear
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differential equation (32). The genera solution of equations (33) and (34) can be written
in the form

a(y) = A€ 4 Be  (k=0,1,...,n+1), (35)
w(y) = G + Die"®  (k=0,1,...,n+1), (36)

where A1 > Ao arethe solutions of
A2 —Ljch—e Ly =0 (37)
and vy > vio are the solutions of
V2 — Lyev — 8 LwB = 0. (38)
The general solution of equation (32) can be written as

b(y) = Ep + F €Y + Ri1€%Y 4 Rip€2 4+ Ry 4+ Ry  (k=0,1,...,n+1).
(39)

Before proceeding to step 3 we outline the remaining part of the algorithm. The
coefficients Ay, By, Cy, Dy (4n + 8 unknowns) are determined by the joining conditions
that a and w are continuoudly differentiable at /4, .. ., 1,41 (4n + 4 equations) and by the
boundary conditions (5)—6) (4 equations). The coefficients Ry1, Rz, Ri3, Ris are deter-
mined by Ay, By, C«, Dy. The coefficients E, and F, are determined by the boundary
conditions (30). Finally, we will have n + 1 equations arising from the continuity of the

derivative of b at the pointsiy, ..., l,,1. These equations determine the n + 1 unknowns
¢, o, ..., l,41. Theresulting system of nonlinear algebraic equations has to be solved
numerically.

Sep 3

We determine the coefficients Ay, By, Cx, Dy fork =0, 1, ...n+ 1. First wemake
use of boundary conditions (5). Since eg = §¢ = 0, therefore from (37) and (38):

rr=Lsc, App=0, vor=Lwc, vep=0. (40)
Hence (5) yields
Bo=1 Do=1 (41)
To use boundary conditions (6) we note that
Any11 >0, vup11>0. (42)
Hence (6) yields
Ap1=0, Chi1=0. (43)

The joining conditions expressing the continuous differentiability of a at [, (for k = 1,
...,n+1)readas
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Akile?\k—l,llk + Bkile}vk—l,Zlk — AkeMllk + Bke?\kzlk’ (44)

A1 hi—11€% 2 4 By g hy_q €412 = A €4 + Biye2lk, (45)
Similarly, for w we have

Ck_ler—l,llk + Dk_ler—l,zlk — Ckewllk + Dkerzlk’ (46)

Ck,]_vk,]_’leukfl'llk + Dk,]_vk,]_’zevk’l'zlk = Ckvkle”“lk =+ Dkvkze”kzlk. (47)

These 4n + 4 equations together with the 4 equations in (41) and (43) give a system of
4n + 8 linear equations for the 4n + 8 unknowns Ay, By, Cy, D (k =0,1,...,n+ 1).
Ifc,l4,...,1,41 aegiven, then A,, By, Cy, D, can be obtained explicitly.

Sep 4

We now determine the coefficients Ey, F,, Ry; fork = 0,1,...,n+1,i = 1,
2,3, 4. Itiseasy to seethat ¢g = §o = O implies that

b(y) = b1€”
for y < 0, hence
Eo = Ro1 = Rop = Rz = Rou =0, Fo=bs. (48)

The values of Ry; can be readily obtained by the method of undetermined coefficients.
Namely, we substitute (35), (36) and (39) into (32) and put the coefficients of e, g2y,
e’ and e"2> equal to zero, to obtain

e Ay e By
Ryi=——7—, Rip= ————,
Ak1(c — Ax1) Ak2(c — Ag2)
(3](0(Ck (SkaDk

@ = (49)

k3— — > - -
Vk1 (Vi1 — ©) Vi2(Vi2 — ¢)
Since the values of A, B, Ci, D; have aready been determined, expression (49) gives
the values of Ry;.
The values of E;, and F;, for k = 1,...,n can be obtained from the boundary
conditions (30)

b(l) = bk,  bli41) = brya. (50)
Introducing
Gy = Rkle?hkllk + RkZeR»kzlk + Rksevkllk + Rk4er21k,
H, = RkleMllHl + RkZeR»klel + Rk3ewllk+1 + Rk4e”k2’k+1,
(50) reads as

bk :Ek“l_erdk +Gk, bk+1: Ek+erClk+l+Hk
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yielding
by — G)€E + (Hy — byyq) €l
E, — (Dx k) + (Hx — biy1) ’ (51)
el — ecli
_ by = Gy + Hy — by
Fi= el — el ) (52)
Thevaueof E,,; and F,; are given by the equation
b(ln+l) = bn+l (53)
and the boundary condition (6). The boundary condition, (42) and (53) imply
Fn+l = O, En+1 = bn+1 - Gn+1-
Sep 5
We determine the unknownsc, Io, . . ., 1,41 from thejoining conditions for b (recall

that ; = 0). The function b has to be continuously differentiable at 14, ..., ,.1, that is
the left-hand side limit and the right-hand side limit of 4’ has to be the same at those
points. Hence we have n + 1 equations for the n + 1 unknowns c, I, ..., 1,.1. This
matching condition in [, reads as

" 1.1/ 120k
ka]_cecl‘ —‘I- Rk*l,l)\‘kfl,lé% 1,10k + kal’zkk,l,ze}‘k 1.2l
111, 1ol
+ Ri_13Vk—1,1€"F 2% + Ry 1 qvp_q p€" 2%
= Fre€™ + Rehia €% + Riohio€ 2 + Riguia€ % + Reqvio€?t.  (54)

This system can be solved by the Newton—-Raphson method for ¢, I, ..., I,,1. It turned
out that for certain values of o and g this system has 2 or 3 solutions that are difficult to
find with this method. Therefore we solved the system for «, I, .. ., I,,1 with a given
value of ¢, then we got a unique solution. Hence the («, ¢) diagram is parametrised by c.
Oncethevauesof «, I, ..., 1,1 are abtained, it hasto be checked that the value of b(y)
lies between b, and b1 for all y € (I, L1 1).

4, Reaults

The algorithm detailed in the previous section was implemented as a computer
program. The parameters of the program are

n, blv b||7 C, /87 bl7 sy bn+l7 817 L) 8n+17 817 L) 8n+1'
Theinput of the program isthe (n + 1)-dimensional vector
((X, 12’ ccc ln+1)'

The output of the program isthe (n + 1)-dimensional vector the coordinates of which are
obtained as the difference of the left-hand side and the right-hand side of the eguations
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in (54). Thus the program defines a function 7 :R"*! — R"*l. The solution of the
equation

Fx)=0

was obtained by the Newton-Raphson method. We will present the explicit form of
system (54) only inthecasesn = O and n = 1. As mentioned above, al the results
determined numerically are for unit Lewis numbers, i.e, L, = Ly = 1. However, dl
calculations are made for arbitrary Lewis numbers.

41. Caseb < by

According to proposition 7 we have n = 1 and the values of b, ¢, §, aregivenin
the first row of table 1. Now system (54) reads as

<b| _ )edz b @l _py1-0, (55)
nN2—c¢ nN2—=¢

,BC —& (b| 2 )eclz — (56)
&2 n2—c

where

1 1
N2 = E(LAc +./12¢2 -|—4LA>, £1o= §(LWC + /L2 2 +4LW/3>. (57)

Thefirst equation can be solved for 5 if ¢ isgiven. It can be easily seen that there
isacritical value cgit Of ¢, such that for ¢ < cgit there is no solution for I, and there are
two solutions if ¢ > cqit. It can be shown that the condition

by < b(y) < by for all y € (0, 1)

issatisfied only if I, isthe smaller solution of (55). When [, is determined equation (56)
gives the value of o belonging to the given c. It is easy to see that the condition

b|| < b(y) for all y > 12
is equivalent to
b+ > b||
which yields from (11)
(04
1- B > b||. (58)

Hence a part of the («, ¢) diagram determined by (55)—(56) must be cut off by the con-
dition (58). The («, ¢) diagram is shown in figure 1 for different values of 8. The tem-
perature profiles for different values of ¢ and fixed value 8 = 2 can be seen in figure 2.
The value ¢ = 2.57232 is the critical value of the velocity, below which equation (55)
has no solution for I, when 8 = 2.
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Figure 1. The («, ¢) diagram for various values of 8 inthe case by = 0.1, b)) = 0.2. The dotted lines are
dravnat o = (1 — by)).
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Figure 2. Temperature profiles for different values of ¢ and fixed value 8 = 2 in the case by = 0.1,
b)) = 0.2. Thevaue c = 2.57232 isthe critica value of the velocity, below which there is no solution.
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Figure 3. The («a, ¢) diagram for various values of 8 inthe case by = b} = 0.1. The dotted lines are drawvn
a o = B(1— by). The points of the diagrams lying on the left-hand side of the corresponding dotted line
belong to front solutions, those lying on the right-hand side belong to pulse solutions.

4.2. Caseb = b

According to proposition 8 we can have front or pulse type solutions withn = 0
and n = 1, respectively. The values of b, ¢, §, are given in the second and third rows
of table 1.

In the case of fronts (54) contains only one equation (n + 1 = 1)

2
—b
o=pl2 2 (59)
&
(The parameters n, and &, are defined in (57).) This equation gives the («, ¢) diagram
directly, but according to proposition 9 the condition

a < BA—=0) (60)

has to be satisfied. Hence only that part of the («, ¢) diagram determined by (59), for
which condition (60) holds, is appropriate. If 8 > 1, then (60) isfulfilled at all points of
thediagram. For 8 < 1 the condition (60) cuts off one part of the diagram, the part of the
diagram belonging to the pulse type solutions. In the case of pulse type solutionsn = 1
and the values of by, ¢, 8, are given in the third row of table 1. Then system (54) has a
solution only if 8 < 1, i.e, for 8 > 1 there are no pulse solutions. For 8 < 1 the part
of the («, ¢) diagram belonging to the pulse solutions joins smoothly to the other part,
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Figure 4. Temperature profiles for different values of g and fixed value ¢ = 2 inthecase b = b = 0.1.

belonging to the front type solutions, at « = B(1— b;). The diagrams for different values
of B areshown in figure 3. For every value of 8 adotted lineisdrawnat o = (1 — b)).
That is the value of a where the diagram intersects the « axis and at the same time it
separates the front and pulse regions. The points of the diagram on the left-hand side of
the corresponding dotted line belong to front type temperature profiles, and those on the
right-hand side belong to pulse profiles. We can seethat for 8 > 1theentirediagram lies
on the left-hand side of the corresponding dotted line. The temperature profilesfor ¢ = 2
and different values of 8 can be seeninfigure 4. For larger values of 8 the temperatureis
monotone increasing. However, as 8 isreduced there is an overshoot in the temperature
profile before the final conditions are attained. This effect becomes more pronounced as
B is decreased.

43. Caseb > b

According to proposition 10 we can have front 1, front 2 or pulse type solutions
withn = 1,n = 2and n = 3, respectively. The values of by, ¢, 8, are given in the last
three rows of table 1.

In the case of front 1 solutions system (54) consists of two equations. It has a
solution for any value of 8, however, only those solutions are appropriate, for which the
condition« < B(1—by) holds. Thereexistsacritical value 8, of 8, such that, for 8 > fo,
al solutions satisfy the condition. Unlike the case b, = b;; now the («, ¢) diagram is not
monotone for all values of 8. There exists another critical value 83 of 8, such that for
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B > B3 the diagram is monotone and for 8 < B3 it is S-shaped, i.e., there is a range
of o for which there are 3 different velocities. Hence, in this case, our system can have
3 solutions for the same parameter values. It will be the object of future work to find out
which of them are stable.

In the case of front 2 solutions system (54) consists of three eguations. It has
asolution only if 8 < B,. However, only those solutions are appropriate, for which the
condition

B(l—0b) <a < pA—by) (61)

holds. This part of the diagram joins smoothly to the part belonging to front 1 solutions
a o = B(1— b). Wefound a third critical value 8, of 8, such that for 8 > B; the
right-hand side inequality of (61) holds.

In the case of pulse solutions system (54) consists of four equations. It has a so-
lution only if 8 < B1. This part of the diagram joins smoothly to the part belonging to
front 2 solutions at @ = B(1 — by)).

Summarising have the following cases according to the structure of the («, ¢) dia-
gram.

o If 0 < B < B, then the diagram is S-shaped and it consists of three parts be-
longing to front 1, front 2 and pulse solutions, respectively.

o If B < B < B2, then the diagram is S-shaped and it consists of two parts be-
longing to front 1 and front 2 solutions, respectively.

o If B < B < Bs, then the diagram is S-shaped and all points belong to front 1
solutions.

e If B3 < B, then the diagram is monotone and all points belong to front 1 solu-
tions.

The transition of the («, ¢) diagram as g is varied is shown in figure 5, where
b = 0.2and b, = 0.1. For every value of 8 adotted lineisdrawnat @ = B(1—b,) where
the diagram intersects the o axis and at the same time it separates the front 1 and front 2
regions. Thefront 2 and pulse regions are separated by the vertical lineat « = 8(1—by)),
which is not shown in the figure. The critical values of 8 can be determined as follows.
If 8 = B1, thenthe diagram istangential to the vertical linedrawnat o = B(1—by). For
these values of b, and by, thisis, approximately, g1 ~ 0.15. If 8 = 85, then the diagram
is tangential to the vertical line drawn at @« = 8(1 — b). For these values of b, and by,
thisis, approximately, g, ~ 0.26. If 8 = B3, then the two turning points of the diagram
coincide. For these values of b, and by, thisis, approximately, 3 ~ 0.3.

Infigure 6 the («, ¢) diagram isshown for 8 = 0.1, b, = 0.2, b, = 0.1. Thisvalue
of B isbelow the critical value 81, hence al of the three type solutions exist. The dotted
linesaredrawnat @« = B(1— b)) and at @« = B(1 — by)). Theselines separate the front 1,
front 2 and pulse regions.

The profiles are shown in figures 7-9. In figure 7 « = 0.0788 to which three
different velocity values and three front 1 type solutions belong. In figure 8 o = 0.087
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Figure 5. The («, ¢) diagram for various values of 8 (shown in the figure) in the case by = 0.2, b)) = 0.1.

The dotted linesaredrawn at « = 8(1 — b;). The points of the diagrams lying on the left-hand side of the

corresponding dotted line belong to front 1 solutions, those lying on the right-hand side belong to front 2 or
pulse solutions.
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Figure 6. The («, ¢) diagramfor 8 = 0.1, by = 0.2, b)) = 0.1. The dotted linesaredravnat « = (1 — b))
and at « = B(1 — b)) separating the regions belonging to front 1, front 2 and pul se solutions.
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Figure 7. Temperature (), fuel concentration (a) and inhibitor concentration (w) profilesfor three different
values of ¢ (shown in thefigure) belonging to the parameter value« = 0.078 inthecase 8 = 0.1, b; = 0.2,
b)) = 0.1. For thisvalue of « there are three front 1 type temperature profiles.
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Figure 8. Temperature (), fuel concentration («) and inhibitor concentration (w) profiles for two different
values of ¢ (shown in the figure) belonging to the parameter value « = 0.087 inthecase 8 = 0.1, b; = 0.2,

by = 0.1. For thisvalue of « there are two front 2 type temperature profiles.

to which two different velocity values and two front 2 type solutions belong. In figure 9
a = 0.12 to which two different velocity values and two pulse type solutions belong.
Comparing the fuel (a) and the inhibitor (w) profiles, we can say that generally the fuel
is consumed earlier, but for very small values of the velocity (see figure 7) the inhibitor
can be consumed faster.
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Figure 9. Temperature (), fuel concentration («) and inhibitor concentration (w) profiles for two different
values of ¢ (shown in the figure) belonging to the parameter value« = 0.12 inthecase 8 = 0.1, b = 0.2,
by; = 0.1. For thisvalue of « there are two pul se type temperature profiles.

5.  Conclusions

We have studied the propagation of a flame supported by an exothermic chemical
reaction under adiabatic conditions and subject to inhibition through aparallel endother-
mic chemical process. The temperature dependence of the reaction rates was assumed
to have a generalised Arrhenius type form with an ignition temperature, below which
there is no reaction. The behaviour of the solutions of our model (2)—(7) depends on the
(scaled) ignition temperatures b, and b;, and on the dimensionless parameters o and 8.
We can think of o asaheat |oss parameter —it represents the heat lost in the endothermic
decay of theinhibitor relative to that produced by the exothermic combustion of the fuel.
The parameter 8 represents the rate at which inhibitor is consumed relative to the con-
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sumption of fuel. The heat loss through the endothermic reaction has a strong quenching
effect on wave initiation, combustion waves forming only when o < agi;. This effect
is, in some respects, analogous to the extinction of wave propagation when heat is lost
through Newtonian cooling.

In section 2 we have identified the different types of behaviour that can be sup-
ported by our general model, i.e.,, when the concrete form of the temperature depen-
dence of the reaction rates was not specified. (It was assumed only that f; and f> satisfy
(8)—(9).) We found that the structure of the temperature profile depends mainly on the
value of b, relative to by,. If by < by, then it has a front structure. If b, > by, then it
can be either a front or a pulse. Which type occurs depends most strongly on the para-
meters o and 8, the other parameters (the Lewis numbers and the concrete form of the
functions f1 and f>) are not especially significant in determining its qualitative struc-
ture.

Then we investigated our model in detail in the case when f; and f> are step func-
tions. In this case the system of differential equations is piecewise linear, i.e., the rea
line R can be divided into segments, in which the differential equations are linear with
constant coefficients, hence the solutions can be given explicitly. The joining conditions
at the endpoints of the segments give a system of nonlinear algebraic equations that has
to be solved numerically to obtain the solution. In section 3 an agorithm was presented
to execute this procedure.

The results obtained in the step function case were presented in section 4. We
determined the wave speed (c), cooling parameter («), curves for various values of the
parameters 8, b; and by;. It can have three different shapes, hence we get other forms of
guenching, than in the case of Newtonian cooling. In the case b, < by, and for larger
values of B inthe case b, > b, the flame velocity depends monotonically on « (see
figures 1, 3 and 5). For moderate values of 8, in the case b, > by, the («, ¢) diagram
has a turning point as in the case of Newtonian cooling [2—7]. Hence we can expect
a saddle-node bifurcation in our case at ot (See figures 3 and 5). For small values of 3,
inthe case b, > by, the («, ¢) diagram is S-shaped (see figures 5 and 6) as was observed
in [9]. Hence we can have three different flame velocities for the same vaue of the
cooling parameter .
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